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1. INTRODUCTION 
The ordinary irreducible characters and conjugacy classes of the individual 
Weyl groups have been investigated by various authors over the years. The 
characters of symmetric groups (Weyl groups of type A,) were first considered 
by Frobenius [7]. The characters and conjugacy classes of Weyl groups of 
type B, , i.e., hyperoctahedral groups, and D, were obtained by Young [21]. 
The characters and conjugacy classes of the exceptional Weyl groups have 
only recently been calculated, except for the Weyl group of type G, , the 
dihedral group of order 12, whose characters and classes are well known. 
Weyl groups of type EB and E, were dealt with in Frame [5], E, in Frame [6] 
and F4 in Kondo [lo]. Carter [3] h as recently given a successful unified 
treatment of the conjugacy classes of Weyl groups. Mayer [12] has made 
considerable progress with the analogous problem for the irreducible charac- 
ters of Weyl groups. 
The projective characters of Weyl groups of type A, were first investigated 
by Schur [19] and methods for calculating these characters were developed 
by Morris [15], using the theory of the spin representation of orthogonal 
groups. Projective character tables for 3 < 1 < 12 were also obtained. 
Projective characters for the remaining Weyl groups have not been considered 
up to the present. In this paper, projective character tables for the exceptional 
Weyl groups En (a. = 6,7, 8), F4 and G, are obtained. 
In Section 2, some preliminary information needed later in the paper 
concerning Weyl groups, their conjugacy classes and characteristic poly- 
nomials is presented. In Section 3, some definitions and results concerning 
projective representations of finite groups are given. In Sections 4 and 5, 
details about the spin representation of orthogonal groups are introduced and 
are applied to obtain formulae for projective characters of Weyl groups. 
In Sections 6-9, the irreducible spin characters of the exceptional Weyl 
groups are obtained. 
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2. CONJUGACY CLASSES IN WEYL GROUPS 
Let V be an Z-dimensional real Euclidean space. For each r E V, r # 0, 
let ur be the reflection in the hyperplane perpendicular to r, i.e., if x E I’, 
w&T) = x - p&. 
Let @ be a finite subset of V which spans V such that @ is the root system of 
a simple Lie algebra. The Weyl group W = W(Q) is the group generated by 
the reflections wr , I E @. Clearly, W may be regarded as a subgroup of the 
real orthogonal group O(Z, R), where R is the field of real numbers. Weyl 
groups of simple root systems have been classified (see e.g., Bourbaki [l]), 
the classification gives the simple types A, (I > I), B, (I > 2), C, (1 > 3), 
J4 (I 2 4), E, 94 9 EB, F4, G . 
Carter [3] has given a unified treatment of the conjugacy classes of Weyl 
groups. The conjugacy classes are given in terms of certain admzkibZe graphs 
which are associated with the root system @. In addition, he has determined 
the characteristic polynomials of the connected admissible graphs and thus 
of the elements w E W. 
In Table I, the characteristic polynomials of elements of Weyl groups with 
admissible graphs are listed, the notation is different from that used by 
Carter [3] and is more suitable for our purposes. It is easily verified that the 
characteristic polynomials of all elements with admissible graph, and hence 
all elements of Weyl groups, can be expressed as a quotient of polynomials 
of the form (ti - I), where the i are positive integers. Thus, we shall denote 
a conjugacy class which contains an element of W with characteristic poly- 
nomial 
(t - 1)“(t” - 1)B(t” - 1)y .** 
by “partitions” (l”2s3y *a.), where 01 + 2/I + 3~ + 1.. = Z and (Y, 8, y,... are 
integers (positive, negative or zero). This extends the usual partition notation 
for the conjugacy classes of Weyl groups of type A, (i.e., symmetric groups 
of degree Z + 1) to all Weyl groups. It is clear that for Weyl groups in general, 
this does not determine the classes uniquely. This notation has the added 
advantage that the eigenvalues of the elements of the Weyl group can be 
determined immediately from the corresponding “partition”. For example, 
(1 3-r 5-r 15) is the “partition” corresponding to the admissible graph 
E,(a,) in E, , the eigenvalues are 1 and the fifteen 15th roots of unity with the . 
five 5th roots of unity and the three cube roots of unity deleted, i.e., the 
eigenvalues are the eight primitive 15th roots of unity WC, wt2, w13, wt4, 
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TABLE I 
Basic Spin Characters of Elements Corresponding to Admissible Graphs 
Admissible graph “Partition” Determinant Basic spin character 
AZ (1 + 1, 1-l) 
Bz , Cc (21, I-‘) 
m4 (2(1-p-l), (I-p- 1)-l 
(0 Q p < z/2 - 1) 2(P + l), (P + 1)-Y 
G (1 2-‘3-l6) 
F4 (2 4-‘6-‘12) 
Fh,) ( 122-a3-a6z) 
Et3 (l-l2 3 4-‘6-‘12) 
J-W4 (3-19) 
&(a,) (1 2-e3-16e) 
E, (l-l2 3 6-‘9-‘18) 
-WJI) (7-114) 
-fWa) (2 3-‘4-‘12) 
E&a) (1 2-‘3-‘5-‘6 10) 
.%a) (122-23-56a) 
Es (l-l2 3 6-‘5 lo-‘15-‘30) 
-GW (4 8-‘12-l24) 
-J-&W (2 4-llO-l20) 
G44 (2a4-26-212a) 
E,(G) (1 2-‘9-l18) 
-C&J (1 3-15-115) 
E&Q) (122-e5-a10e) 
K44 (182-13-a4-16 12) 
E&G) (142-43-*64) 
I 1 -1 
I 
-1 
1 
1 
1 
1 
-1 
-1 
1 
1 
1 
1 
1 
1 
-1 
-1 
-1 
-1 
-1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
11=2v 
$4 1 = 2v - 1 
1 z=2v+1 
d/; 1 = 2v 
0 1=2v,p=2p 
2 1=2v,p=2p+ 1 
42 1=2v+1,p=2r 
t/z. 1=2v+1,p=2p+ 1 
d/J 
1 
3 
1 
1 
3 
1 
1 
1 
1 
1 
1 
1 
1 
1 
3 
1 
5 
3 
9 
w2{, w2t2, w2p, w2c4, where w and 5 denote primitive cube and fifth roots of 
unity respectively. 
Carter’s [3] notation for admissible graphs is used in the remainder of this 
paper without further reference. 
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3. PROJECTIVE REPFWENTATIONS OF FINITE GROUPS 
Let G be a finite group, C the field of complex numbers and GL(n, C) 
the general linear group of nonsingular n x n matrices over C. In this 
section, we give some basic definitions and results concerning projective 
representations of finite groups. For further details see Curtis and Reiner [4]. 
A mapping T: G -+ GL(n, C) is called a projective representation of degree n 
of G with factor set (Y if 
T(x) T(Y) = 4XYY) VY) for all x,y E G, (3.1) 
T(e) = I, , (3.2) 
where e is the identity element of G and LII(X, y) E C*, the nonzero complex 
numbers. If LY = 1, then T is an ordinary representation of G. Two projective 
representations S and T of degree n with factor sets (Y and /3 respectively are 
projectively equivalent if there exists a mapping p: G---f C* and a non- 
singular P E GL(n, C) such that 
S(x) = p(x) P-lT(x)P for all x E G. (3.3) 
From (3.1) and (3.2), we obtain the fundamental property of factor sets 
and 
(Y(x, e) = a(e, x) = a(e, e) = 1 for all x E G (3.5) 
and from (3.3), we have 
4x2 Y> for all X, y E G. 
Two factor sets (Y, p satisfying (3.6) are said to be equivalent. The set of all 
equivalence classes under this equivalence relation, with suitable definition 
of multiplication is easily shown to be a finite abelian group, denoted by 
H2(G, C*) called the Schur multiplier of G. It is also well known that for each 
factor set a! there exists a projective representation with factor set (II. If we 
require all projective representations of G, then we need only consider the 
projective representations for one representative of each equivalence class 
in H2(G, C*), since it is easily verified that projective representations whose 
factor sets are in the same equivalence class are projectively equivalent. 
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Furthermore, there exists a group G*, a central extension of G with kernel 
M z H2(G, C*), called a representationgroup of G, such that every irreducible 
projective representation of G is equivalent to one which can be lifted to an 
irreducible ordinary representation of G”. 
Ihara and Yokonuma [9] have calculated the Schur multiplier of all finite 
reflection groups. We state their result for the groups under consideration 
in this paper. 
THEOREM 3.7. H2(E, , C*) = 2, (n = 6,7, 8) 
H2(G2, C*) = Z, 
H”(F, , C*) = Z, x Z, , 
where Z, is the cyclic group of order 2. 
This implies that the exceptional Weyl groups have nonordinary projective 
representations. 
One further concept from the theory of projective representations is 
needed. If 01 is a factor set of G, an element x E G is called an a-regular 
element if 
a@, s) = ct(s, x) 
for all s in the centralizer of x in G. It is easily proved that 
(i) if g is a-regular, then every element which is conjugate to g in G is 
or-regular, thus we can define or-regular classes, 
(ii) the number of distinct irreducible inequivalent projective repre- 
sentations of Gwith factor set olis equal to the number of a-regular classes of G. 
In this paper, we shall determine all the irreducible projective (nonordinary) 
characters of the exceptional Weyl groups, and incidentally, we determine the 
a-regular classes of these groups. 
4. THE BASIC SPIN CHARACTERS OF WEYL GROUPS 
Let V be an Z-dimensional real Euclidean space and 7 an orthogonal trans- 
formation on V, i.e., 7 E O(Z, R). Let 
P: O(Z, R) --f GL(2tz121, C) 
be the spin representation of degree 2Cz/2j of O(Z, R), where [Z/2] denotes the 
largest integer < Z/2, then 
P(,l> P(T2) = zt~h-,> 
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for all r1 , r2 E O(Z, R) (see e.g., Littlewood [ll] or Murnaghan [lq). Thus P 
is a projective representation with factor set 01, where 01(ri , r2) = &l for all 
pi , 72 E O(Z, R). We shall follow Littlewood [Ill and call this the basic 
spin representation of O(Z, R), and we shall denote its character, called the 
basic spin character by 5 or [#‘I, where v = [Z/2]. Since we shall be mainly 
interested in the basic spin character, it is sufficient to deal with a canonical 
representative for each element. If we let 
Ei = ( 
cos 8, sin Bi 
-sin Bi cos Bi 1 
(i = l,..., v) and Es = i -y , 
( 1 
then 7 E O(Z, R) is orthogonally similar to 
-rl = El + 0.. + E, if Z = 2v and detr = 1, 
TV= 1 +E,-j--a+E, if Z=2v+l and detr=l, 
Q-~ = E, + El + -.- + E, if Z=2vf2 and deter=-1, 
(4-l) 
74 = -1 + El + -se -i-E, if Z=2v+l and detT=--1. 
Then, as is well known (see e.g., Littlewood [I 11) the values of the basic spin 
character are given by 
t-(71) = 5(T,) = rQ 2 03s @,, 
4x73) = 0, (4.2) 
t(7.J = fi (2 sin 48,). 
r=1 
Thus, to calculate the basic spin character, we need only know the eigenvalues 
of the elements of O(Z, R). 
Morris [14, 151 has also obtained formulae for the basic spin characters of 
the direct sum of orthogonal matrices. These formulae are used in later 
calculations without further reference. The following trigonometrical 
formulae will be used continually in calculating the basic spin character 
(see e.g., [8]): 
fi 2 cos E = 0 if m = 2p, (4.3) 
9-l 
zrz 1 if m=2~+1, (4.4) 
u-1 
!I2 Jl 
u-l 
COSF = n 2 COsz = n 2sin s = 
li- T- 
if m = 2p, (4.5) 
74 
a2 sin 2 = 6 if m=2p+l. (4.6) 
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As was seen in Section 2, the Weyl groups may be regarded as subgroups 
of O(Z, R), for suitable I. Thus, the above formulae may be used to calculate 
the basic spin characters of the elements of Weyl groups. The basic spin 
characters of the admissible graphs are first calculated, then the results of 
Morris [14, 151 may be used to calculate the basic spin characters of arbitrary 
elements of the Weyl groups, whose classes are determined by graphs whose 
connected components are admissible graphs. That the basic spin character is 
indeed the character of a nonordinary projective representation for all Weyl 
groups is proved elsewhere [16]. 
Or in other words, if we have the exact sequence 
l-+Zs+Pin(Z,C)~O(Z,R)-+ 1, 
where Pin(Z, C) is the simply connected double covering of O(Z, R), and the 
Weyl group W is regarded as a subgroup of O(Z, R), then in [16], it is shown 
that n-l(W) is a nontrivial central extension of W. 
We now, for example, compute the basic spin character of elements of D, 
with admissible graphs D,(a,) (0 < p < (Z/2) - l), where D,(q) = D, . 
The characteristic polynomial of an element with admissible graph D,(a,) is 
(p-P-1' _ l)(p'-l' - 1)-l(p'9+1' - l)(t'"+l' - 1)-l. 
Let 4% = e2Rilk (k = 1,2,...) be a primitive Kth root of unity, then the 
eigenvalues are 
(i) {--I, -&JI(r = 1 ,..., p), --I, -&@& = I,...) v - /.L - I)} 
if 1 = 2v, p = 2p, 
(ii) {&gs+” (Y = l,...) p), &:,“l;:)& = l,...) v - /.L - 2)) 
if Z=2v, p=2~+1, 
(iii) {--1, -&(r = l,..., p), &$$!!!,(r = l,..., v - p - 2)) 
if Z=2v+l, p=2~, 
(iv) {&$P(r = l,..., I”), -1, -&D..& = l,..., v - p - 1)) 
if Z = 2v+ 1, p = 2~ + 1. 
We deal with these four cases separately. 
(i) By means of (4.2) and (4.3), we see that if Z = 2v,p = 2~ 
Wz(4) = 0. 
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(ii) If I = 2v, p = 2~ + 1, then by (4.2) and (4.5) 
5(a(%J> = ( fi 2 cos2*j( fi 2 cos p+j-l 
7=1 T-l 
1-P-2 v-!.L-2 -1 
X 
(fl 2 cos ?-I 2 cos 2(1 -a; - 1) j( n r=l Z-F- 1 1 
= ((2P + 2)(p + I)-‘2(v - p - I)(v - p - l)-1)1/2 
= 2. 
(iii) If I = 2v + 1, p = 2~, then by (4.2) and (4.5), 
t(Q(a,)) = ( fj 2 COs 2prT 1 ) (‘“fjp32 sin 4(v -‘i _ 1) ) 
r-1 7-l 
( 
v-u-z 
X )J 2 sin 
-1 
r=1 2(v -yl- I) 1 
= (2(v - p - I)(v - p - l)-l)V 
= l/2. 
(iv) If I = 2v + 1, p = 2~ + 1, then by (4.2) and (4.5), 
tW%)> = ( fi 2 sin2*)( fi 2 sin p+&j-l[E1 2 cos z _ ‘p”- 1) 
r-1 r-1 r=1 
= ((i + 1) (qL-ly2 
= l.c!. 
The basic spin characters for the remaining admissible graphs may be 
calculated similarly and are given in Table I. 
5. FURTHER IRREDUCIBLE SPIN CHARACTERS OF ORTHOGONAL GROUPS 
Let (A) = (A, ,..., hk) be a partition of weight 1 h / = A1 + ... + A,, where 
A, > A, 3 ... > Ak > 0. Then, it is well known (see e.g., Littlewood [I 11, 
Murnaghan [17]) that there is a distinct irreducible algebraic representation 
pA of GL(Z, C) corresponding to every partition (A), the character of the 
representation pA is a symmetric polynomial {A> in the eigenvalues of the 
elements of GL(1, C). This symmetric polynomial is called a Schur function 
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or S-function. Alternative characterizations of S-functions, which are more 
suitable for calculations are given in Littlewood [II] or Stanley [20]. 
Littlewood [l l] has obtained explicit formulae for the remaining irreducible 
spin characters of the orthogonal group O(Z, R), the characters are param- 
etrized by sequences [hi + + ,..., h, + 41, where (h) = ()Lr ,..., 1) is a partition 
(the partition (0) gives the basic spin character [$‘I) and v = [l/2]. The 
formulae are expressed in terms of the basic spin character and S-functions 
as follows: 
[A, + *,..., A, + $1 = [PI (91 + c (--l)(n+‘)%nAIII), (5.1) 
(6) 
where the summation is over all self-conjugate partitions (c) such that {h} 
appears in the product of S-functions {c}(T} with the nonzero coefficient ~l,~~, 
n = 1 E 1 and r is the number of elements on the main diagonal of the shape 
of the partition. In order to calculate this spin character, we use the following 
expression for the S-function {h} (see Littlewood [l l]), 
where the summation is over all partitions (p) = (1p12p23ps a*.) of 1 h I, 
zp = lplp,!2p~p,! . . .. xp* is the value of the irreducible character of the 
symmetric group of degree 1 h 1 corresponding to the partition (A) at the class 
(p) and S, = s+$ ..., where the si = Q(X) (i = 1,2,..., 1 h I) are the power 
sums of the eigenvalues of the elements x E O(Z, R), i.e., the sum of the ith 
powers of the eigenvalues of the elements of O(1, R). 
We now obtain general formulae for some of these irreducible spin charac- 
ters for elements x E O(Z, R) corresponding to the “partitions” (1”2s3~4a5’ .a*), 
whereol,&y,S,E**. may be positive, negative or zero. It is easily verified that 
Sl(X) = 01, 
s2(4 = c-d + $3, 
%(X) = a+ 3Y, 
Q(X) = a + q3 + 4% 
s&x) = a + 5E, 
these are sufficient for our calculations. We calculate, for example, 
[(5/2)(3/2)(1/2)v-7. From (5.1) we see that 
[g-“] = [;I WI - 121 - u21 + m 
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and 
(21) = $Si” - is3 = +I+” - 1) - y, 
(2) = h” + &2 = t+ + 1) + p, 
(12) = &r” - &a = gcy(, - 1) - #q 
m = 1, 
then, it follows that 
[;;;-“I = [;I( (a - I)(& + l)(a - 3) 3 TY). 
Table II gives the values of 15 irreducible spin characters of O(Z, R) at 
such classes, it is remarkable that many of these remain irreducible on 
restriction to Weyl groups, for example 14 of them are irreducible on restric- 
tion to E8 . For convenience, we shall put 
in Table II. 
Pl + *,.*., 4 + wy = [Al *.. 41 
TABLE II 
L4 ,*.a> Al = 1x1 + +j I..., A, + i][tg-l At Class (l%P3~4~5’ ***) 
[l] = a - 1 
PI = && - 1) + B 
[12] = &%(a - 3) - 8 
[31 = +(a - l)(o: + 1) + fi(m - 1) + y 
I211 = )(a - l)(o: + l)(a - 3) - y 
[lSl = &(a - l)(a - 5) - /3(a: - 1) + y 
[41 = iM& + l)(a - l)(a f 2) + ~q% - 1) + i&J + 1) + y(a - 1) + 8 
[311 = +(a - l)(a + 2)(ar - 3) + ++(a - 3) - @(j9 + 1) - 6 
L27 = +da - l)(a - 2)((u - 3)(% + 2) - y(a - 1) + fl(m + B) 
PI81 = g+! + l)(a: - 2)(a - 5) - +jqa - 1) - &qp - 1) + s 
I17 = +(a - l)(a - 2)(or - 7) - @(m - 3) + y(y(” - 1) f &3(/I - 1) - 6 
Dl*l = &(a + l)(cu + 2)(= - l)(a - 2)(a - 5) - /3(cf - l)(a + j3) + e 
PII = &(a - INa: + 2)(a - 3)(a - 5) - g&x - l)(or - 5) + g/q/I + l)(or - 1) 
- &(a: - 1) + S(c? - 1) - /t?y 
PI31 = &i+ - l)(a - 3)(ar - 7)(a + 1) - Qa”j3(cd - 3) + &$? + +q(” - 1) 
+ NY - 1) - E 
c27 = i&+ + l)(a + 2)(a - 3)(a - 4)(e - 5) - &p&Y. + l)(a - 3)(0 - 8) 
+ &+Ca + I)(38 + 4) + f,W + l)(p - 2) - Qay(ar - 3)(n + 3) 
+ &4= - 3) - JpY - Br(a - 1) - ps + y(y - 1) 
PROJECTIVE CHARACTERS OF WEYL GROUPS 577 
6. THE IRREDUCIBLE SPIN CHARACTERS OF EB 
The method of calculation is the same for all the exceptional Weyl groups. 
The basic spin character, which is irreducible in each case (Morris [16]) is 
first calculated using the method developed in Section 4. The formulae of 
Section 5 are then used together with the orthogonality relations for projective 
characters to produce further irreducible spin characters. Further characters 
are obtained by taking direct (Kronecker) products of the basic spin character 
with ordinary characters, tables for which are already available (see Section 1). 
Additional characters are found by inducing the basic spin character of 
suitable subgroups. The tables are then completed by means of Brauer’s 
theory of modular characters for blocks of defect 1 (Brauer [2]). 
For the remainder of this paper, we shall simply write character for 
irreducible spin character. Furthermore, we follow Frame [5, 61 and denote 
the characters according to their degrees with subscript s, second, third, etc. 
characters of the same degree have subscripts ss, sss, etc. We also use freely 
the notation for irreducible ordinary characters of EB , E, and E8 from Frame 
[5,6], except in the case of EG , where the characters with subscript s there 
are now given the subscript s’. 
We now commence on the calculation of the spin character table of E, , 
which is a group of order 51,840 = 2’ . 34 . 5. The basic spin character is 
of degree 8, it is irreducible and it is denoted by 8, . It has nonzero values on 
the nine conjugacy classes corresponding to the graphs 4, A, , A, , 2A, , 
D4(aJ, 3A,, rS,, E&J and E&J. Th ese nine conjugacy classes are thus 
a-regular classes. The spin characters [(3/2)(1/2)(1/2)], [(3/2)(3/2)( l/2)] and 
[(3/2)(3/2)(3/2)] are irreducible on restriction to E, and are denoted by 40,) 
72, and 40,, respectively. A character 120, is obtained by taking the direct 
product of 8, with 15,. (Alternatively 120, = [(7/2)(1/2)(1/2)] - 
[(5/2)(1/2)(1/2)] - [(3/2)(1/2)(1/2)].) A further 3 reducible characters of 
degrees 120, 160 and 40 are obtained by evaluating [(5/2)( l/2)( l/2)], 
[(5/2)(3/2)(1/2)] - 120, and 8,(10,,) - 40, respectively. Each of these 
reducible characters is a sum of two characters which are clearly conjugates of 
each other. To decompose the first of these, we induce the basic spin character 
of the subgroup D, of ES . The basic spin character 5 of D, (on classes which 
have nonzero characters only) is 
Cluss 4 A, A4 D,(a,) D, + D, D, W4 
5 421 2 f 42 f 1/z + 42 
which on inducing to E, gives 
5 4 108 18 2 6 f2d2 f xc2 f q/2. 
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It is easily verified that this character contains 8, and 40, as components, 
giving the two new characters 60, and 60,, . Similarly, by inducing the direct 
product of the basic spin characters of D, = A, and D, = 2A, to E6 , 
a reducible character of degree 2160 is obtained, which on the above classes 
has values 
2160 36 0 0 +12x’2 0 0, 
and on decomposition yields the characters 80, and 80,, . The reducible 
character of degree 40 may now be decomposed to give the characters 20, 
and 20,, by means of the orthogonality relations. 
Finally, by considering the one 5-block of defect 1, which consists of the 
two characters 8, and 72, whose degrees are congruent to 3 and -3 (mod 5) 
and a 5-conjugate pair 64, and 64,, . On the 5-regular classes, the value of 
these characters is given by 72, - 8, , while on the 5-singular classes, namely 
A, + A, the value of 64, + 64,, is 2 and 0 respectively. The orthogonality 
relations are then used to determine the values of 64, and 64,, on these classes. 
This completes the evaluation of the 13 characters of E, , namely 8, ,40, , 
72,, a9 120,, 60, > 60,, , 80,, 80,,, 20,, 20,,, 64,, 64,,. The corre- 
sponding a-regular classes are 4, A,, A,, 2A,, D,(a,), 3A,, E6, E,(q), 
Gd4, D, + 4 9 Do > 444, A, + A, . 
7. THE IRREDUCIBLE SPIN CHARACTERS OF E, 
E, is a group of order 2,903,040 = 2 lo . 34 . 5 . 7, it is the direct product 
of the Chevalley group B,(2) and the cyclic group C, of order 2. B,(2) 
contains all the elements of ET of positive determinant. We need only find the 
characters of B,(2), the complete projective character table of E, is then 
obtained by taking the direct product of the projective character table of 
B,(2) with the character table of C, (this is easily seen from the way spin 
characters of odd-rowed orthogonal matrices of negative determinant are 
calculated, see Murnaghan [ 191). 
The basic spin character of B,(2) is of degree 8 it is irreducible and it is 
denoted by 8, . It has nonzero values on 12 classes corresponding to the 
admissible graphs+, D4(G 4,2A,, 3A,, E&,>, -%, 4&d, A,, A4 + 4, 
D,(u,), A, (the corresponding classes in E, - l&(2) are 7A, , 2A, + A, , 
D4 + 3A1, D&d 4 A,, Eda,>, A, + A,, E&a>, E,, Do + A,, Ma,), 
A, and E,(q) respectiveIy, the characters for these classes are obtained by 
taking &l times the characters of the corresponding classes in B,(2)). The 
characters c~3/ww/2~1~ ~~5m/2~w~1~ K3/2)(3/NW)l~ [(3/2)(3/2)(3/U, 
[(5/2)(3/2)(1/2)], [(5/2)(5/2)(1/2)], [(5/2)(3/2)(3/2)] are irreducible on restric- 
tion to B,(2) and are denoted by 48, , 168, , 112, , 112,, , 512, ,720, and 560, 
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respectively. A further two characters 280, and 448, are obtained by evaluating 
[(7/2)(1/2)(1/2)1 - 168, and [(5/2)(5/2)(3/2)] - 560, respectively. 
The table may now be completed by considering various blocks of defect 1. 
There are two 5-blocks of defect 1. One 5-block contains the characters 8, , 
168,) 112,, , 512,) 448, (this could have been used to give an alternative 
derivation of for example 448, , i.e., 
448, = 112,, - 168, + 512, - 8, on 5-regular classes 
= 8, on 5-singular classes). 
The other 5-block contains 48, , 112, and a 5-conjugate pair, which we denote 
by 64, and 64,, . On 5-regular classes 
64, = 64,, = 112, - 48,) 
while on 5-singular classes, namely A, , A, + A, and D6 , 
64, + 64,, = 48,. 
The orthogonality relations are then used to calculate 64, and 64,, on the 
5-singular classes, i.e., f d/5 on D, . The class corresponding to D, in 
E, - Bs(2) is A, + A, . There is one 7-block of defect 1 which contains the 
characters 8, , 48,) 512,) 720,) 64,) 64,, and a new character 120,) where 
120, = 48, + 720, - 8, - 512, - 64, - 64,, on 7-regular classes 
and 
120, = 8, on 7-singular classes. 
This completes the spin character table of B,(2) and hence of E, . The 
characters of B,(2) are 8,) 48,) 168,) 280,) 112,) 112,, , 512,) 720,) 560,) 
448, , 120, , 64,, 64,, and the a-regular classes of E, are 4, D4(a,), A, , 2A, , 
3Az 3 E&J, J% 9 -Wd A,, A, + A, 9 D&4, A,, 4 , 7A, , 2A, + A, , 
04 + 3A, , D&d + A, 9 -%a,), A, + A, 3 W,), E, , D, + A, , .&(a,), 
A, 9 E,@,), A4 + A, . 
8. THE IRREDUCIBLE SPIN CHARACTERS OF E8 
E, is a group of order 696,729,600 = 214 . 33 . 52 . 7. The basic spin 
character has nonzero values on the classes 4, A, ,2A, , A, , D4(a,), 3A, , 
A4 + ~42 2 A, 9 D&4, D4@,) + A, , -4 > ~%(4 E&2), As, 2A4, 4A2, 
D&I), Q&h 2D4(%), E&2) + A2 > 4 + A,, Es, EsW, -%(a,), 4&J, 
PROJECTIVE CHARACTERS OF WEYL GROUPS 583 
Es(u,), &(a,), &,(a,), &(a,), Es(u,) (which is the complete set of a-regular 
classes in Es), it is irreducible and of degree 16 and thus denoted by 16,. 
The characters 
TABLE VI 
Spin Characters of Ga 
Class Symbols 
Class 
order 
Irreducible 
spin characters 
+ (19 1 28 2 2 111 8.98 
AZ (l-13) 2 1 
G2 (1 2-‘3-‘6) 2 d/3 
are irreducible on restriction to E, and give the characters 112, , 320,) 448,) 
224,) 448,, , 1680,) 2592,) 1344,) 2800,) 1344,, , 5600,) 4800,) 5600,, and 
9072, respectively. A further character 2016, is given by [(9/2)( l/2)( l/2)( l/2)] 
- 1344,. 
Further characters are now obtained by taking direct products of 16, with 
suitable ordinary characters of E, as follows: 
800, = 16,(50,), 
2800, = 16,(175,), 
7168, = 16,(448,), 
5600,, = 16,(400,) - 800,) 
8400, = 16,(700,,) - 2800,) 
1120, = 16,(168,) - 224, - 1344,) 
11,200, = 16,(1050,) - 5600,, . 
Three additional characters are now obtained by considering blocks of 
defect 1. There is one 3-block of defect 1 containing 2592, , 9072, and a 
new character 6480,) where 
6480, = 
I 
9072, - 2592, on 3-regular classes, 
2592, on 3-singular classes. 
584 A. 0. MORRIS 
There is one 5-block of defect 1 containing 320, , 1680, , 1120, , 6480, and 
a new character 6720, , where 
- 6720, = I 6480, 1120, + 1680, - 320, on 5-regular classes, 
320, on 5-singular classes. 
There is one 7-block of defect 1 containing 16, , 320, 2592, , , 4800, , 800, 
6480, and a new character 8192, , where 
8192, = 
I 
6480, - 800, + 4800, - 2592, + 320, - 16, on 7-regular classes, 
16, on 7-singular classes. 
The table of projective characters is now completed (laboriously) by taking 
Kronecker products of 16, with suitable ordinary characters. 
2016,, = 16,(1134,) - 320, - 448, - 224, - 1680, - 2592, 
- 1344, 2800, 2800,, 1120,) - - - 
2016,,, = 16,(420,) - 224, - 1344, - 1120, - 2016,, , 
7168,, = 16,(3360,) - 2800, - 5600, - 5600,, - 7168, - 1 
-6720, - 6480, - 8192,. 
1,200, 
Finally, the characters 896, is obtained by using the orthogonality relations. 
TABLE VII 
Spin Characters of F, 
Class 
Class Symbols order Irreducible spin characters 
4 (19 1 4, 48, 12, 12,, 8s 8,s L L, 2% 
4 (1 3) 32 2 2 0 0 -2 -2 4 -2 0 
4 (1 3) 32 2 2 0 0 -2 -2 -2 4 0 
& (la2-‘4) 36 242 -2x,‘/2 21/z -262 0 0 0 0 0 
-4% + 2; (l-233 16 1 1 -3 -3 5 -4 -1 -1 3 
Wad (2-*qa) 12 2 2 -2 -2 4 4 4 4-4 
& (4-‘8) 144 l/z --1/z -d/z d/z 0 0 0 0 0 
F4 (24-‘6-l12) 96 1 1 -1 -1 -1 2 -1 -1 1 
Fk.4 (le2-a3-P6*) 16 3 3 3 3 3 0 -3 -3 -3 
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This completes the spin character tables with characters 16, , 112, , 320, , 
44%) 2X, 44&s, 16803, 2592,) 1344,) 2800,) 1344,, , 5600,) 4800,, 
2016,, 5600,, ,9072,, 800,,2800,, ,5600,, ,7168,, 1120,) 8400,) 11,200,) 
6720,) 6480,) 8192,) 2016,, , 2016,,, , 7168,, , 896,. We note that all the 
characters in this case are rational. 
9. THE IRREDUCIBLE SPIN CHARACTERS OF G, , F4 
The characters of G, are well known, but are included for completeness. 
The basic spin character 2, is of degree 2 and has nonzero values on the 
classes 4, A, and G, ; The characters [3/2], [5/2] are irreducible on restriction 
to G, and give the characters 2,, , 2,,, respectively. The character of G, are 
2, ,2,, ,2,,, and the or-regular classes 4, A, and G, . 
The Schur multiplier of F4 is 2, x 2, , and thus there are 3 equivalence 
classes of projective representations. We compute the table obtained by 
considering the spin representation of the fundamental representation only. 
This table has been obtained independently by Read [18], who has also 
obtained the projective characters for the other two equivalence classes. 
The basic spin character of F4 , which has degree 4 and is irreducible, has 
nonzero values on the classes 4, A, , A, , II, , A, + AZ, D,(a,), B, , F4 and 
wd. [(3/2)(1/2)1, [(3/2)(3/2)], c(5/2)(1/2)1 are irreducible on restriction to F4 
and give the characters 12, , 8, ,24, respectively. A further two characters 4,, 
and 2,, are obtained by taking the direct product of the alternating representa- 
tion of F4 with 4, and 12, respectively. An additional character 8,, is given by 
KWW)1 - 12,s. Finally [(7/2)(1/2)] - [(5/2)( l/2)] on restriction to F4 
is a reducible spin character of degree 16, the sum of two characters 8,,, and 
8 5558 >this character being decomposed into its constituents by means of the 
orthogonality relations. This completes the table of irreducible spin characters, 
namely 4,) 4,, , 12,) 12,, , 24,) 8,) 8,, , 8,,, , 8,,,, . The a-regular classes 
are 6 4 ,A2 , B2 ,A, + A”, , Q(q), & , F4 and F&). 
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